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We consider a superfluid cloud composed of a Bose-Einstein condensate oscillating within a magnetic trap
(dipole mode) where, due to the existence of a Feshbach resonance, an effective periodic time-dependent
modulation in the scattering length is introduced. Under this condition, collective excitations such as the
quadrupole mode can take place. We approach this problem by employing both the Gaussian and the
Thomas-Fermi variational Ansa¨tze. The resulting dynamic equations are analyzed by considering both linear
approximations and numerical solutions, where we observe coupling between dipole and quadrupole modes.
Aspects of this coupling related to the variation of the dipole oscillation amplitude are analyzed. This may be a
relevant effect in situations where oscillation in a magnetic field in the presence of a bias field B takes place, and
should be considered in the interpretation of experimental results.
DOI: 10.1103/PhysRevA.85.033608 PACS number(s): 03.75.Kk
I. INTRODUCTION
The study of collective oscillations was among the first
experiments to be performed following the realization of
Bose-Einstein condensates [1,2]. In previous approaches, the
excitations of such collective modes were usually based
on the introduction of time-periodic modulations in system
parameters such as the natural frequency of the harmonic
trapping potential [1–6] and the s-wave scattering length [7,8].
Another possible procedure consists in the introduction of an
abrupt change in the potential. In this case, the primary effect is
to excite the so-called dipole mode. In this mode, the center of
mass of the entire cloud oscillates back and forth in the trapping
potential with the natural frequency of the trap, without any
considerable variation in the density distribution. On the
other hand, when the curvature of the trapping potential is
slightly modulated, the most common excitation resides in the
quadrupole mode, where the axial width of the cloud oscillates
out of phase with respect to the radial width. In the linear
regime, the frequency of the dipole mode is equal to the trap
frequency while the quadrupole frequency can be evaluated
as an eigenfrequency of the hydrodynamic equation [9,10].
Beyond the linear approximation, theoretical studies of such
collective oscillations point out the significant dependence of
the frequencies on the oscillation amplitudes [4], which can
be enhanced by manipulating the trap anisotropy in such a
way that the normal modes become resonant [11]. In recent
work [12], we have experimentally demonstrated the excitation
of quadrupole modes when a modulation was introduced in
the scattering length, using an oscillating magnetic field near
a Feshbach resonance in a 7Li Bose-Einstein condensate held
in an optical trap. In particular, excitations were investigated
with respect to their response to the modulation frequency,
thus allowing the measurement of the resonance curve.
In this paper, we explore a different idea for investigating
the coupling between dipole and quadrupole modes by taking
advantage of the existence of a Feshbach resonance in a
way that eliminates the necessity of any external modulation.
*edmir@ursa.ifsc.usp.br
We start by considering a Bose-Einstein condensate in a
harmonic magnetic trap with a controlled bias field, where
the dipole mode is excited. If the bias field is close enough
to a Feshbach resonance, the oscillation of the entire cloud
through the inhomogeneous bottom of the trap causes an
effective periodic time-dependent modulation in the scattering
length, which in turn excites other modes like the quadrupole
mode. We start by presenting the general ideas and how to use
the Gross-Pitaevskii equation to numerically demonstrate this
possibility. Real systems are then analyzed as candidates for
experimental realization of this effect.
II. COLLECTIVE MODES
Collective oscillations in a Bose-Einstein condensate
(BEC) can be described as periodic time-dependent variations
of the density profile resulting from the Gross-Pitaevskii
equation (GPE) with a repulsive scattering length. In the case of
a BEC in a harmonic trap, the dynamics of its order-parameter
field is described by the GPE, according to
ih¯
∂
∂t
 = − h¯
2
2m
∇2 + V + 4πh¯
2as
m
N ||2, (1)
where m is the atomic mass and
V = m
2
(
ω2r r
2 + ω2zz2
) (2)
is the trapping potential. In general, the macroscopic oscilla-
tions of the density n = |ψ |2 represent the so-called collective
modes. In this paper, we concentrate our attention on two of
the most investigated modes: the dipole mode [13] and the
quadrupole mode [12].
At first, we follow the lines in Refs. [14–16] which also
consider a Gaussian Ansatz. By minimizing the action with
respect to the variational parameters, we can get a system
of equations which provides the oscillations of the order-
parameter field around its equilibrium value. The lowest-lying
modes of oscillation turn out to have angular frequencies
ωD = ωz (3)
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for the dipole mode, and
ωQ = ωr
√
2
[(1 + λ2 − P2,3)
−
√
(1 − λ2 + P2,3)2 + 8P 23,2
]1/2 (4)
for the quadrupole mode, where Pi,j = P/(4wi0rwj0z), λ =
ωz/ωr is the trap anisotropy parameter, P =
√
2
π
(Nas
lr
) is
the dimensionless interaction parameter, lr =
√
h¯
mωr
is the
oscillator length, and w0z and w0r are the equilibrium values
for the axial and radial sizes, respectively. Also, we have a
breathing mode given by
ωB = ωr
√
2
[(1 + λ2 − P2,3)
+
√
(1 − λ2 + P2,3)2 + 8P 23,2
]1/2
. (5)
There are also higher-order modes which will not be
considered in this paper. For a complete description of these
modes, we indicate Ref. [10].
III. COUPLING MODES DUE
TO FESHBACH RESONANCES
In the presence of a magnetic field, the s-wave scattering
length governing the interaction of the superfluid sample is
given by [10,17]
as(B) = anr
(
1 + 
B − Bres
)
, (6)
where anr is the scattering length far from a Feshbach
resonance,  is the width of the resonance, and Bres is the
magnetic field corresponding to a diverging scattering length.
We consider a Bose-Einstein condensate held in a trap
composed of a harmonic potential plus a bias V0, i.e.,
Vtrap = V0 + m2
(
ω2r r
2 + ω2zz2
)
. (7)
This potential is generated by a corresponding magnetic field
whose modulus is given by
B = B0 + m2μB
(
ω2r r
2 + ω2zz2
)
, (8)
where μB is the atomic magnetic moment and B0 = V0/μB is
the bias field. This kind of field can be obtained, for instance,
in a Ioffe-Pritchard trap [18]. In addition, suppose that such a
bias field is close to a Feshbach resonance. From Eqs. (6) and
(8), the interparticle interaction in the atomic cloud moving in
this potential is controlled by the spatially dependent scattering
length
as = anr
(
1 + 
B0 − Bres + m2μB
(
ω2r r
2 + ω2zz2
)
)
. (9)
Here we consider the potential (7) loaded with a condensed
cloud whose dipole mode is excited in the z direction. In this
configuration, the center of mass oscillates periodically at the
bottom of the trap. If we consider the center of mass
rc =
∫
d3r r||2, (10)
then according to (1), its dislocation with respect to the center
of the trap will be given by
mr¨c = −
∫
d3r ||2∇
[
V + 4πh¯
2
m
Nas ||2
]
. (11)
After performing a partial integration, the z component of this
equation reads
mz¨c = −mω2zzc −
2πh¯2
m
N
∫
d3r ||4∂zas. (12)
From (12), we see that in the case where the scattering
length is homogeneous, the dipole frequency is identical to
the frequency of the trap [19]. In this paper, we are mainly
interested in the effects of spatial inhomogeneities in as due
to the magnetic trapping potential. The factor ||4 in the
integrand of (12) indicates that the dipole mode is coupled to
the density profile fluctuations, in particular to the quadrupole
mode.
The back reaction of the dipole mode onto the quadrupole
mode can be qualitatively understood in terms of an effective
time-dependent as . Let us consider the size of the cloud to be
very small in comparison with the spatial variations of as ; then
we end up with the effective time-dependent scattering length
as(t) = anr
⎛
⎝1 + 
B0 − Bres + mω
2
z
2μB zc(t)2
⎞
⎠ . (13)
As demonstrated in Ref. [8], this kind of time-dependent
scattering length is capable of producing effects such as
higher-harmonic generation and shifts in the frequencies of
collective modes. In this paper, we argue that, due to (13),
these effects can also be produced by a spatially dependent
scattering length.
In order to understand the effect of a spatially dependent
as , we consider a Gaussian trial function
ψ(r,z,t)
= Ce{−r2/2u2r (t)+iαr (t)r+iβr (t)r2−[z−z0(t)]2/2u2z (t)+iαz(t)z+iβz(t)z2},
(14)
where C = [ur (t)
√
uz(t)π3/4]−1 is the normalization constant
while ur (t), uz(t), αr (t), αz(t), βr (t), and βz(t) are variational
functions. We will now consider the Lagrangian density
L = ih¯
2
(
ψ∗
∂ψ
∂t
− ψ ∂ψ
∗
∂t
)
− h¯
2
2m
|∇ψ |2 − Vtrap|ψ |2 − As2 |ψ |
4, (15)
where As = 4πh¯2Nasm . The variational approximation is ob-
tained by substituting the trial function (14) into the system
Lagrangian L = ∫ Ld3r which now can be written in terms of
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the variational functions, according to
L = h¯
2
(
2u2r ˙βr +
√
πurα˙r + u2z ˙βz + 2z20α˙z + 2z20 ˙βz
)
+ h¯
2
2m
(
4u2r β
2
r +
1
u2r
+ α2r + 2
√
πurαrβr + 2u2zβ2z
+ 1
2u2z
+ α2z + 4z0αzβz + 4z20βz
)
+ mω
2
r
2
(
u2r +
λ2u2z
2
)
+ μBB0 + Nh¯
2anr√
2πmu2r uz
+ 4Nh¯
2anr
πmu4r u
2
z
f (ur,uz,z0), (16)
where
f (ur,uz,z0) =
∫ ∞
−∞
dz
∫ ∞
0
dr
re−{2r
2/u2r (t)+2[z−z0(t)]2/u2z (t)}
B0 − Bres + mω2r2μB (r2 + λ2z2)
.
(17)
The equations for the variational parameters are obtained
as solutions of the Euler-Lagrange equation
d
dt
(
∂L
∂q˙j
)
− ∂L
∂qj
= 0, (18)
where qj correspond to each of the variational parameters.
Thus, we obtain
αr = 0, αz = m z˙0
h¯
− 2z0βz, (19a)
βr = m2h¯
u˙r
ur
, βz = m2h¯
u˙z
uz
, (19b)
u¨r + ω2r ur −
h¯2
m2u3r
−
√
2
π
Nh¯2anr
m2u3r uz
[
1 − 16√
2πu2r uz
f − 4√
2πuruz
∂f
∂ur
]
= 0,
(19c)
u¨z + ω2zuz −
h¯2
m2u3z
−
√
2
π
Nh¯2anr
m2u2r u
2
z
[
1 − 16√
2πu2r uz
f − 8√
2πu2r
∂f
∂uz
]
= 0,
(19d)
z¨0 + ω2zz0 +
4Nh¯2anr
πm2u4r u
2
z
∂f
∂z0
= 0; (19e)
the explicit dependence of f was suppressed here.
For this study, we want to concentrate on the behavior of
the widths ur (t) and uz(t) as well as the center of mass z0(t). In
fact, the density distribution of the BEC sample depends only
on those three parameters. Thus, we have to solve the integral
f , which can be done with the following approximation: we
assume that the cloud size is much smaller than the amplitude
of oscillation, which means that the cloud experiences the same
field equally at any point, i.e., the scattering length is the same
throughout the entire cloud. This is equivalent to stating that
the function inside the integral f ,
re−{r
2/u2r (t)+[z−z0(t)]2/u2z (t)},
is much narrower than
1
B0 − Bres + mω2r2μB (r2 + λ2z2)
.
Thus, we can expand the latter around the center of mass [r = 0
and z = z0(t)], which gives us
1
B0 − Bres + mω2r2μB (r2 + λ2z2)
≈ 1
B0 − Bres + mω2r2μB λ2z20
.
(20)
In this way, f becomes
f =
√
2π
4
μBu
2
r uz
2μB (B0 − Bres) + mω2r λ2z20
. (21)
Substituting (21) into Eqs. (19), we obtain the equations of
motion
u¨r + ω2r ur −
h¯2
m2u3r
−
√
2
π
Nh¯2anr
m2u3r uz
[
1 + 2
2μB(B0 − Bres) + mω2r λ2z20
]
= 0,
(22a)
u¨z + ω2zuz −
h¯2
m2u3z
−
√
2
π
Nh¯2anr
m2u2r u
2
z
[
1 + 2
2μB(B0 − Bres) + mω2r λ2z20
]
= 0,
(22b)
z¨0 + ω2zz0
{
1 −
√
2
π
2Nh¯2anrμB
mu2r uz
[
2μB(B0 − Bres) + mω2r λ2z20
]
}
= 0. (22c)
Equations (22) can be simplified by defining the dimen-
sionless parameters
τ = tωr , u¯r = ur
lr
, u¯z = uz
lr
, z¯0 = z0
lr
, (23a)
ε = h¯ωr
μBδB
, b = 
δB
,
(23b)
Pnr =
√
2
π
Nanr
lr
, δB = (Bres − B0),
resulting in
¨u¯r + u¯r − 1
u¯3r
− Pnr
u¯3r u¯z
(
1 + b1
2λ
2εz¯02 − 1
)
= 0, (24a)
¨u¯z + λ2u¯z − 1
u¯3z
− Pnr
u¯2r u¯
2
z
(
1 + b1
2λ
2εz¯02 − 1
)
= 0, (24b)
¨z¯0 + λ2z¯0
[
1 − Pnrεb
2u¯2r u¯z
( 1
2λ
2εz¯02 − 1
)2
]
= 0. (24c)
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In addition, if we consider the Thomas-Fermi (TF) Ansatz
instead of Eq. (14), we obtain evolution equations which have
almost the same form as (24) (see the Appendix). In fact, the
only difference between the TF and Gaussian approximations
resides in the different numerical value for Pnr and in the
quantum-pressure term which appears only in the Gaussian
case. As pointed out in Ref. [14], the Gaussian Ansatz gives
the same results as the hydrodynamic equations in the limit of
a large number of particles. Since the hydrodynamic and our
TF approach are essentially equivalent, it is not a surprise that
our Gaussian and TF approximations give similar results.
In order to validate our variational approach for magnetic
fields close to the resonant field (B → Bres), i.e., in the
strong-interaction regime, we added an Appendix containing
this Thomas-Fermi treatment. In the next section we will
discuss the system excitations in the linear regime.
IV. LINEAR APPROXIMATION
The linear approximation for Eqs. (22) can be obtained by
considering
u¯r = u¯r0 + δr (t), (25a)
u¯z = u¯z0 + δz(t), (25b)
z¯0 = z¯0(0) + δz¯0 (t), (25c)
where (u¯r0,u¯z0,z¯0(0)) are the equilibrium values of (u¯r ,u¯z,z¯0)
and (δr ,δz,δz¯0 ) are small time-dependent deviations. Such
equilibrium values can be obtained from Eqs. (22) by setting
u¨r = 0, u¨z = 0, and ¨z¯0 = 0. This leads us to
z¯0(0) = 0, (26a)
u¯r0 − 1
u¯3r0
− Pnr
u¯3r0u¯z0
(1 − b) = 0, (26b)
λ2u¯z0 − 1
u¯3z0
− Pnr
u¯2r0u¯
2
z0
(1 − b) = 0. (26c)
In this section, we are concerned only with small deviations
in the variational functions. This allows us to consider only
linear terms in δr , δz, and δz¯0 in Eqs. (24). Thus, by substituting
(IV) into (III) and neglecting terms above first order, we have
¨δr + 4δr + Peffδz = 0, (27a)
¨δz + Kδz + 2Peffδr = 0, (27b)
¨δz¯0 + λ2
(
1 − Pnrεb
2 u¯2r0u¯z0
)
δz¯0 = 0, (27c)
where
K = 3λ2 + 1
u¯4z0
and Peff = Pnr
u¯3r0 u¯
2
z0
(1 − b). (28)
The equivalent linearization and the parameters K and Peff
corresponding to the TF Ansatz are also derived in the
Appendix.
As we can see in Eqs. (27), the linear approximation
decouples the center-of-mass motion from the oscillations
of the cloud widths wr and wz. By considering the initial
amplitude for the center-of-mass position z¯0(0) = z¯0amp and
˙z¯0(0) = 0, we obtain
z¯0 = δz¯0 = z¯0amp cos(λeffτ ), (29)
where
λeff = λ
√
1 − Pnrεb
2 u¯2r0u¯z0
. (30)
Thus, the dipole mode frequency represented by the center-of-
mass oscillation is
ωdip = ωz
√
1 − Pnrεb
2 u¯2r0u¯z0
. (31)
Far from Feshbach resonance we have εb 	 1, and therefore
wd ≈ wz, as expected. At first sight, this result could be
seen as inconsistent with Kohn’s theorem [19], which says
that the dipole frequency is equal to the trap frequency and
does not depend on any interparticle interaction. However, the
result of Kohn’s theorem is a consequence of the translational
invariance of interactions, which is not true in our case. In
fact, the spatial dependency in the scattering length given by
Eq. (9) is enough to break the translational invariance of the
interaction term in the Lagrangian density (15).
For the widths, we can write the coupled equations (27a)
and (27b) in a matrix form
¨ + M  = 0, (32)
where
 =
[
δr
δz
]
and M =
[ 4 Peff
2Peff K
]
. (33)
The solution of Eq. (32) results in the set of eigenfrequencies
given by
ωb = ωr
√√√√
2 + K
2
+
√
(K − 4)2 + 8P 2eff
2
(34a)
and
ωq = ωr
√√√√
2 + K
2
−
√
(K − 4)2 + 8P 2eff
2
, (34b)
which correspond to both the breathing mode (ωb) and the
quadrupole mode (ωq). While the breathing mode is related
to in-phase oscillations between axial and radial widths, the
quadrupole mode corresponds to an out-of-phase oscillation.
V. NUMERICAL SOLUTIONS
In order to visualize the excitation of the various modes, we
solved Eqs. (24) numerically by using a fourth-order Runge-
Kutta method. We observed their behavior for a large range of
amplitudes imposed on the dipole oscillation.
We considered a 7Li BEC containing 3 × 105 condensed
atoms in a cigar-shaped trap, as already described in Ref. [12].
The trap frequencies are ωr = 2π × 235 Hz along the radial
direction and ωz = 2π × 4.85 Hz along the axial direction.
The Feshbach resonance parameters are given by  =
192.3 G, Bres = 736.8 G, and anr = −24.5a0 [7]. We set a
bias field B0 = 735 G and obtained the width oscillations
for different amplitudes (z¯0amp) of the dipole oscillations. As
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FIG. 1. (Color online) Time evolution of widths (ur and uz) from the Gaussian Ansatz and the radii (Rr and Rz) from the TF Ansatz,
corresponding to the initial amplitudes z¯0amp = 5000 in (a) and (b); z¯0amp = 7000 in (c) and (d).
initial conditions, we considered the equilibrium widths (radii)
u¯r0 ( ¯Rr0) and u¯z0 ( ¯Rz0) given by the solution of Eqs. (26).
In Fig. 1, we show the numerical results for a large range of
amplitudes, where we can see a beating behavior of the widths
which indicates that more than one frequency of oscillation
is excited. The spectral composition of this oscillation can be
obtained by performing a Fourier transformation as in Fig. 2
where the presence of a quadrupole frequency is quite clear.
From Eq. (34b), we found the frequencies ωq = 7.68 Hz and
ωq = 7.67 Hz for the Gaussian and TF Ansa¨tze, respectively.
In addition, this analysis shows the existence of a second
frequency ωd close to twice the trap frequency. It is believed
that this excitation comes from the fact that as the cloud
oscillates in the trap, the scattering length is effectively
modulated with twice the frequency of the cloud motion and
this reflects on the final oscillatory behavior of the quadrupole
mode. From Eqs. (31) and (A13), we can predict the deviation
from the value ωd = 9.7 Hz, which will be too small for the
amplitudes and bias field considered here.
Since 7Li has a broader resonance, it is possible to
reach high amplitudes without crossing the resonance where
the system becomes unstable. This amplifies the nonlinear
contribution, which makes possible a much richer spectrum,
as observed in Fig. 2, where new frequency peaks appear for
large amplitudes of oscillation.
In order to conclude our numerical studies and validate
the variational approach, we use the numerical algorithm
developed in [20] in order to temporally evolve the GPE and
simulate the cloud oscillation in the trap. In Fig. 3, we show
the numerical results for the root mean square values of r and
z (Xrms, X = z,r; Xrms =
√
7〈x2〉) with bias field B0 = 700 G
and dipole oscillation amplitude z¯0amp = 70.
Unfortunately we could not reproduce the same initial
parameters of the variational approach due to numerical
restrictions in this case. However, even small modulations
of the interaction parameter are capable of generating a
quadrupole excitation, as we can see from the period of Zrms
extracted from Fig. 3. Despite the fact that the quadrupole
frequency predicted by the two methods agree reasonably well,
the amplitude of this oscillation turned out to be bigger when
we considered the numerical calculations. The small deviation
from the previous results was due to the fact that the field
is not the same throughout the cloud extension. Moreover,
this approximation becomes more problematic close to the
Feshbach resonance, where the size of the BEC assumes
relevant values.
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FIG. 2. Spectra of oscillation of ωz for (a) z¯0amp = 5000; (b) z¯0amp = 7000. Spectra of oscillation of Rz for: (c) z¯0amp = 5000; (d) z¯0amp =
7000. The frequency ωq is the quadrupole frequency while ωd represents twice the dipole frequency. The linearized predictions for these
frequencies can be found in the text.
FIG. 3. (Color online) Numerical results from the GPE and the Thomas-Fermi variational method to the motion of the center of mass
(a) and the width Zrms (b). The bias field is B0 = 700 G and the dipole amplitude is z0amp = 70. The graphic (a) is normalized in such a way that
the maxima and minima of the oscillations have values 1 and 0, respectively. According to (a), the frequency of the center-of-mass oscillation
Z0 is around 5.13 Hz while the oscillation of Zrms is approximately 7.86 Hz.
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VI. CONCLUSIONS
We have demonstrated the coupling between collective
mode excitations due to the Feshbach resonance when a
condensate cloud oscillates inside a magnetic trap. This effect
may lead to important applications in situations where the
cloud is spatially excited. One interesting example is the
case where modulations of the trapping potential are used
in order to generate vortices [21,22] or even turbulence [23].
Another situation of interest corresponds to the case when
a superposition of light and a magnetic trap is applied to
investigate the motion of the cloud by controlling the scattering
length [12].
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APPENDIX: THOMAS-FERMI ANSATZ
We start with the TF Ansatz given by Eq. (A1) which has the
time-dependent parameters (Ri,βi,βi) and the center-of-mass
position z0:
(r,t) =
√
n0
[
1 − x2/R2x − y2/R2y − (z − z0)2/R2z ]
× eiαxx+βyy+αz(z−z0) eiβxx2+βyy2+βz(z−z0)2
× (1 − x2/R2x − y2/R2y − (z − z0)2/R2z),
n0 = 15N8π
1
RxRyRz
. (A1)
In particular, for the interaction energy, we have the functional
Uinteraction = 12
∫
g(r)|(r,t)|4dV, (A2)
where
g(r) = 4πh¯
2asbg
m
×
[
1 + 
B0 − Bres + 12 mμB
(
ω2xx
2 + ω2yy2 + ω2zz2
)
]
,
 > 0.
Using the new variables
x = x ′Rx, y = y ′Ry, z = (z′ + ξ0)Rz, ξ0 = z0/Rz,
we rewrite Eq. (A2) in the form
Uint = Uint1 + Uint2,
Uint = gbg2 n
2
0RxRyRz
∫
(1 − r ′2)2dV ′
+ gbg
2
n20RxRyRz
∫
(1 − r ′2)2 (Bres − B0)
× 1
μ0
μB
x ′2+y ′2+(z′+ξ0)2
(Bres−B0) − 1
dV ′. (A3)
In this part, we used the approximation (A4) in the second
term of Eq. (A3) after its coordinates were changed according
to
1
2 m
(
ω2xx
2 + ω2yy2 + ω2zz2
) → μ0[x ′2 + y ′2 + (z′ + ξ0)2],
μ0 = 12mω2i R20i , (A4)
where R0i stands for the equilibrium value of Ri(t). Here we
made use of the fact that, in the TF approximation, the product
ωiRi does not depend on the particular chosen direction i.
Considering now the second term in Eq. (A3), we have
Uint2 = gbg2 n
2
0RxRyRz
(

δB
)∫
(1 − r ′2)2
× 1
[x ′2 + y ′2 + (z′ + ξ0)2] − 1dV
′ (A5)
with the values
δB = (Bres − B0),  = μ0
μBδB
, gbg = 4πh¯
2asbg
m
.
After the angular integration of Eq. (A5), we find
Uint2 = π2
gbgn
2
0
ξ0
RxRyRz
(

δB
)
×
∫ 1
0
(1 − r ′2)2r ′ln
[
(r ′ + ξ0)2 − 1
(r ′ − ξ0)2 − 1
]
dr ′. (A6)
The logarithm in the integral can be rewritten according to
ln
[
(r ′ + ξ0)2 − 1
(r ′ − ξ0)2 − 1
]
= ln
[
(r ′ + ξ0)2 − 1
ξ 20 − 1
]
− ln
[
(r ′ − ξ0)2 − 1
ξ 20 − 1
]
. (A7)
For each term in the right-hand side, we consider the
expansion
ln
[
(r ′ ± ξ0)2 + 1
ξ 20 − 1
]
= ln [1 + (r ′2 ± 2ξ0r ′)/(ξ 20 − 1)]
∼ (r ′2 ± 2ξ0r ′)/
(
ξ 20 − 1
)
. (A8)
These expansions are based on the assumption that ξ0 	
ξ 20 , which holds for the typical values consider by us
( ∼ 4 × 10−3 and ξ0 ∼ 10).
The final expression for the interaction energy is given by
Uint = gbg2 n
2
0RxRyRz
[
32π
105
]
+ gbg
2
n20RxRyRz
(

δB
)[
32π
105
]
1(
ξ 20 − 1
) . (A9)
The dynamical equations (A10) and (A11) are now obtained
by minimizing the action of the system with respect to the
parameters in Eq. (A1), as follows:
¨
¯Ri+λ2i ¯Ri − P
1
¯R2i
¯Rj ¯Rk
[
1 + b1
2λ
2
zεz¯
2
0 − 1
]
= 0, (A10)
¨z¯0 +
[
1 − 1
7
Pbε
¯Ri ¯Rj ¯Rk
1[ 1
2λ
2
zεz¯
2
0 − 1
]2
]
λ2z z¯0 = 0, (A11)
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where
P = 15Nasbg
lr
, z¯0 = z0
lr
, λi = ωi
ωr
,
b = 
δB
, ε = h¯ωr
μBδB
, ¯Rj = Rj
lr
.
From the equations above, we are now able to make a linear
approximation analogous to the that in the Gaussian case. Here
we obtain the same equations as in (27), with the following
coefficients:
K = 3λ2 and Peff = Pnr
¯R30r
¯R20z
(1 − b). (A12)
In addition, we have the deviation of the dipolar frequency
given by
ωdip = ωz
√
1 − Pnrεb
7 ¯R2r0 ¯Rz0
. (A13)
[1] D. S. Jin, J. R. Ensher, M. R. Matthews, C. E. Wieman, and
E. A. Cornell, Phys. Rev. Lett. 77, 420 (1996).
[2] M.-O. Mewes, M. R. Andrews, N. J. van Druten, D. M. Kurn,
D. S. Durfee, C. G. Townsend, and W. Ketterle, Phys. Rev. Lett.
77, 988 (1996).
[3] Y. Castin and R. Dum, Phys. Rev. Lett. 77, 5315 (1996).
[4] F. Dalfovo, C. Minniti, and L. P. Pitaevskii, Phys. Rev. A 56,
4855 (1997).
[5] J. J. Garcı´a-Ripoll, V. M. Pe´rez-Garcı´a, and P. Torres, Phys. Rev.
Lett. 83, 1715 (1999).
[6] J. J. Garcı´a-Ripoll and V. M. Pe´rez-Garcı´a, Phys. Rev. A 59,
2220 (1999).
[7] S. E. Pollack, D. Dries, M. Junker, Y. P. Chen, T. A. Corcovilos,
and R. G. Hulet, Phys. Rev. Lett. 102, 090402 (2009).
[8] I. Vidanovic´, A. Balazˇ, H. Al-Jibbouri, and A. Pelster, Phys.
Rev. A 84, 013618 (2011).
[9] S. Stringari, Phys. Rev. Lett. 77, 2360 (1996).
[10] C. J. Pethick and H. Smith, Bose-Einstein Condensation in
Dilute Gases (Cambridge University Press, Cambridge, UK,
2008).
[11] L. Salasnich, Phys. Lett. A 266, 187 (2000).
[12] S. E. Pollack, D. Dries, R. G. Hulet, K. M. F. Magalha˜es, E. A.
L. Henn, E. R. F. Ramos, M. A. Caracanhas, and V. S. Bagnato,
Phys. Rev. A 81, 053627 (2010).
[13] Image extracted from http://cua.mit.edu/ketterle_group/
Projects_1998/Coll_exc/Collective_excitations.htm.
[14] L. Salasnich, Int. J. Mod. Phys. B 14, 1 (2000).
[15] V. M. Pe´rez-Garcı´a, H. Michinel, J. I. Cirac, M. Lewenstein, and
P. Zoller, Phys. Rev. Lett. 77, 5320 (1996).
[16] V. M. Pe´rez-Garcı´a, H. Michinel, J. I. Cirac, M. Lewenstein, and
P. Zoller, Phys. Rev. A 56, 1424 (1997).
[17] A. J. Moerdijk, B. J. Verhaar, and A. Axelsson, Phys. Rev. A 51,
4852 (1995).
[18] T. Esslinger, I. Bloch, and T. W. Ha¨nsch, Phys. Rev. A 58, R2664
(1998).
[19] W. Kohn, Phys. Rev. 123, 1242 (1961).
[20] P. Muruganandama and S. K. Adhikari, Comput. Phys. Commun.
180, 1888 (2009).
[21] E. A. L. Henn, J. A. Seman, E. R. F. Ramos, M. Caracanhas, P.
Castilho, E. P. Olı´mpio, G. Roati, D. V. Magalha˜es, K. M. F.
Magalha˜es, and V. S. Bagnato, Phys. Rev. A 79, 043618
(2009).
[22] J. A. Seman, E. A. L. Henn, M. Haque, R. F. Shiozaki, E. R. F.
Ramos, M. Caracanhas, P. Castilho, C. Castelo Branco, P. E. S.
Tavares, F. J. Poveda-Cuevas, G. Roati, K. M. F. Magalha˜es, and
V. S. Bagnato, Phys. Rev. A 82, 033616 (2010).
[23] E. A. L. Henn, J. A. Seman, G. Roati, K. M. F. Magalha˜es, and
V. S. Bagnato, Phys. Rev. Lett. 103, 045301 (2009).
033608-8
